Introduction

Ca
2+ is critically important for a large number of cellular functions, such as muscle contraction, cardiac electrophysiology, bursting oscillations and secretion (in response to hormonal agonists or neurotransmitters), synaptic plasticity, sensory perception and adaptation in photoreceptors (Berridge, 1997) . Ca 2+ signalling in a wide diversity of cell types frequently occurs as repetitive, but transient, increases in [Ca 2+ ] or Ca 2+ oscillations.
The changes in [Ca 2+ ] associated with Ca 2+ oscillations generally do not occur uniformly throughout the cell but are initiated at a specific site and spread in the form of waves.
The functional significance of these spatio-temporal patterns of [Ca 2+ ] is a subject of increasing activity within the cellular signalling community. For example, in the spatial domain the spreading of a Ca 2+ wave provides a mechanism by which a regulatory signal can be distributed throughout the cell (Callamaras et al., 1998) . Two classes of oscillations or waves are readily distinguished: those that depend primarily on the influx of Ca 2+ through voltage-operated Ca 2+ channels (VOCCs) from the extracellular space, and those that depend primarily on Ca 2+ release from internal stores. In this latter class, distinctions can be made on the basis of whether the release of Ca 2+ is dominated by the ryanodine receptor (RyR), the inositol (1,4,5)-trisphosphate (IP 3 ) receptor or a combination of both. When activated, both Ca 2+ entry and Ca 2+ release channels can give rise to brief pulses of Ca 2+ that form a small plume around the mouth of the channel before diffusing into the cytoplasm. One type of local Ca 2+ signal that appears to operate in many electrically non-excitable cells is Ca 2+ puffs. These elementary events have amplitudes typically ranging from ∼50 − 600nM, a spatial spread of ∼6µm and a total duration of ∼1 second. Such events were first observed in Xenopus oocytes (Yao et al., 1995) but have subsequently been observed in HeLa cells, neurites and endothelial cells (reviewed in ). It is now well established that cell-specific recruitment of a generic elementary signal underlies different global signals. In heart and skeletal muscle, release of Ca 2+ from the sarcoplasmic reticulum (SR) by RyRs is the key event linking membrane depolarisation and mechanical activity during excitation-contraction coupling.
RyRs occur in clusters that give rise to localised Ca 2+ -release events denoted Ca 2+ sparks (Cheng et al., 1993) . These events are analogous to the Ca 2+ puffs described above, although they are usually faster in onset and decline, and have a more restricted spread (∼1−3µm). Spatio-temporal recruitment of Ca 2+ sparks underlies the global Ca 2+ signals that subsequently activate myocyte contraction (Stern, 1992) .
Ca 2+ sparks and puffs are simple examples of the stochastic nature of intracellular Ca 2+ dynamics. The timescale on which stochasticity is observed when puffs or sparks are triggered is of the order of many seconds. However, the origin of the stochastic nature of Ca 2+ release events lies in the individual gating of Ca 2+ -channels, which occur on the millisecond timescale. One question we aim to address in this paper is how stochastic behaviour at a short timescale is able to induce stochastic effects on a much longer timescale.
This 'jumping' of timescales occurs because the Ca 2+ -channels are arranged in localised clusters of 10-100 receptors.
In brief, the fluorescent imaging of localised Ca 2+ puffs or sparks has now made it clear that Ca 2+ release is a stochastic process that occurs at spatially discrete sites that are clusters of IP 3 receptors in the endoplasmic reticulum (ER) or RyRs in the SR. The amount of Ca 2+ released, in response to a triggering event, can be considerably greater than the initial flux of Ca 2+ , but only if this initial flux exceeds some threshold (Callamaras et al., 1998 Beyond this level processes which take up Ca 2+ from the cytosol dominate the dynamics.
These involve transport of Ca 2+ into the extracellular medium and into the ER or SR by exchangers and pumps located in the cell membranes.
Some example of experimental linescan images from a ventricular myocyte showing sparks, waves and partial waves are shown in Figure 1 . Importantly, high-resolution imaging of Ca 2+ in a variety of cell types shows that travelling waves in living cells can vary in their appearance. For example, the calcium wave that occurs during fertilization in mature
Xenopus eggs appears to be continuous (Fontanilla and Nuccitelli, 1998; Nuccitelli et al., 1993) , whereas the calcium wave in immature Xenopus oocytes propagates as a sequence of bursts (Callamaras et al., 1998; Parker and Yao, 1991; Parker et al., 1996; Yao et al., 1995) .
Although theoretical work on Ca 2+ dynamics has increased in recent years (reviewed in (Sneyd, 2002) ), the spatially extended nature of the cell combined with the stochastic 
where g D is the conductance. The flux balance equation for Ca 2+ in the diadic space is 
and varying coefficients (since τ JSR ≫ 1). The rate of transitions from the n to n + 1 state is f (φ, J), and the rate of transitions from the n to n − 1 state is g(φ), where
All variables and parameters have been non-dimensionalised (see Hinch (2004) 
where τ JSR is the time constant of depletion; J 0 is the [Ca 2+ ] NSR ; and r is the rate of refill of the JSR from the NSR. The coefficients of the Markov chain (7) are a function of J, which is slowly varying because τ JSR ≫ 1.
The first part of the analysis is to examine the behaviour of the Markov chain when J is constant, which is the case before a spark is triggered. Figure 3A shows remains in the region of one stable fixed-point before for long periods making a rapid transition to another stable fixed-point. Metastability is the reason why stochasticity on the sub-millisecond time-scale can manifest itself on time-scales of many seconds.
The fixed-points occur where f (φ * ) = g(φ * ) and are stable if
that between any two stable fixed-points there must be an unstable fixed point where
] JSR is sufficiently high (J > J c ), the Markov chain (7) has two stable fixed points φ ± and one unstable fixed point φ 0 . When analysing the properties of sparks, we are not interested in knowing the exact number of RyRs open, just whether a spark is occurring or not (i. e. in the region of which stable fixed-point the system is).
Therefore the quantity we are interested in is the mean first-passage time between the stable fixed-points. This can be calculated using an asymptotic analysis in the limit of a large number of RyRs in the CaRU (N ր ∞). Define p n as the probability that n receptors are open. The evolution of p n (t) is then described by the Master equation dp
and we remember that f and g are functions of φ = n/N . The mean first-passage time can be calculated in a number of ways. For example, the steady-state solution for p n can be calculated by approximately solving the detailed balance equation, and then analysing the behaviour of the chain in the region of the unstable fixed-point to obtain the mean first-passage time (Hinch, 2004) . Alternatively the mean first-passage time can be calculated using a Wentzel-Kramers-Brillouin (WKB) approximation technique (and will be presented in detail elsewhere). The WKB ansatz is applied directly to the Master equation and the limit of large N is taken (note this approach is different to analysing the Fokker-Planck equation). In the WKB analysis the connection formulae at the turning points (which are at the fixed-points) fail to uniquely determine the steady-state solution.
Calculating the solution at higher orders fails to remove this indeterminacy, which is due to the difference operator on the r.h.s. of (9) having an exponentially small eigenvalue (and hence the system displays metastability). Only once this exponentially small term is taken into account using the projection method (Ward, 1998) can the indeterminacy be overcome, which yields the mean first-passage times. The rate of spark generation in the
where φ 0 is the unstable fixed-point (i. e. f (φ 0 ) = g(φ 0 ) and (Aptel and Freestone, 1998) . In sections 3 and 4, the effect of stochasticity on the propagation of Ca 2+ waves will be investigated. For these sections it is necessary to calculate the probability (P f ) that a spark is generated in a set time interval τ as a
] myo is constant during this interval so that the rate of spark generation is constant, then P f can easily be calculated from (10) by
and is plotted in Figure 4B . Note that P f has a sigmoidal shape as [Ca 2+ ] myo is increased and the curve is shifted to the left as [Ca 2+ ] SR is increased. The fact that P f is a sigmoid function and not a step function is a stochastic effect. It is via P f that the the stochastic nature of the individual channels influences the global pattern of Ca 2+ release in the whole cell (section 3).
The second place stochasticity is observed in calcium sparks is in the variability of their duration. This has been observed both in experiments (Wang et al., 2002) and in computer simulations of spark models (Sobie et al., 2002) . In both experiments (on a single release site) and models, the spark duration has a bell shaped distribution. We now show how the model of Ca 2+ sparks can be analysed using stochastic phase-plane analysis to calculate the distribution of spark durations (Hinch, 2002 Sneyd (1998) ). The spark model, (7) and (8), contains a fast-variable (φ) and a slow variable (J) since τ JSR ≫ 1. Consequently the system will remain in the regions of the stable null-clines (the fixed-points on the Markov chain) of φ(J). The null-clines of the spark model are shown in Figure 3B along with a sample solution in the phase-plane. At rest the system is at the fixed-point φ − ≈ 0, which is [1] in Figure 3B . When a spark occurs, the system rapidly jumps to the null-cline φ + (J) [2] , and then moves down the null-cline as J slowly decreases according to
In deterministic phase-plane analysis the system would remain in the region of φ + (J)
until it vanishes at [3] where the system jumps back to the null-cline φ − (J). However, in the stochastic model there is the added possibility that the system undergoes a stochastic transition to φ − (J) before [3] is reached. It is these stochastic transitions that lead to the bell-shaped distribution of spark durations. The rate of spark termination due to stochastic transitions can be calculated using the same technique used to calculate τ gen (Hinch, 2004) and is
where J(t) is calculated using (12). The probability density of spark durations is then given by
The distribution of spark durations is plotted in Figure 5A . The line is the distribution calculated using stochastic phase-plane analysis and the bars are calculated using Monte In this section we analysed how the stochastic nature of single receptors affects the macroscopic behaviour of a whole CaRU. In the next section we shall investigate how the stochastic nature of CaRUs affects the propagation of Ca 2+ waves.
Development of the FDF framework
Here we describe the idealised FDF model of Ca 2+ release (Keizer et al., 1998) and its generalisation (Coombes and Timofeeva, 2003 
with r ∈ R l and t ∈ R + . Here l is the physical dimension of the cell model and Γ is a discrete set that indexes the stores. The vectors r n determine the locations of the (point) Ca 2+ release sites, whilst the T m n give the time of release of the mth release event (puff or spark) at the nth release site. The function η(t) describes the shape of a Ca 2+ release event which we shall take to have a rectangular pulse-shape given by
where Θ is a Heaviside step function. The strength of the calcium release event is σ and τ is interpreted as the rise-time of the receptor. The model is highly nonlinear because the release events are implicitly determined by the times at which the Ca 2+ density at a release site takes on the threshold value u c . More precisely we write
to indicate that release events must be separated by at least a time τ R , the refractory A more general discussion for arbitrary pump rates can be found in (Coombes, 2001) .
Importantly the FDF model reproduces the full range of wave propagation, from saltatory to continuous, whereas homogeneous reaction diffusion models predict only continuous
propagation. This is shown in Figure 6 For a detailed discussion of the speed and stability of both continuous and saltatory waves in the FDF model see (Coombes, 2001; Timofeeva and Coombes, 2003) . Making the reasonable assumption that release times occur at integer multiples of τ we may simplify the FDF model so that it can be re-written in the language of binary release events. We introduce a dynamics for the pth release event at the nth site using the binary variables a n (p) ∈ {0, 1}, where
Here u n (p) ≡ u(r n , pτ ) and p, R ∈ Z. The first term on the right is a simple threshold condition for the determination of a release event whilst the second term ensures that release events are separated by at least Rτ , which we take to be the refractory time, i.e. Qu(r, t) = σ τ n∈Γ a n (p)δ(r − r n ), pτ < t < (p + 1)τ,
where Q is the linear differential operator
with Green's function
and r = |r|. The dynamics for pτ < t < (p + 1)τ is completely determined in terms of initial data u p (r) = u(r, pτ ) as
where
and
Release events defined by a n (p) = 1 are easily calculated since u n (p) ≡ u p (r n ) may be written as a sum of two terms that are both amenable to fast numerical evaluation. In particular u p (r) may be written in terms of the basis functions H n (r) = σH(r − r n , τ )/τ , so that
Since the basis functions H n (r) are fixed for all time they need only be computed once.
For small τ we also have the useful result that H(r, τ ) → G(r, τ ), which is given in closed form by (21). Since the puff duration is very small compared to τ R this is a very accurate approximation, and has been used in numerical simulations. The convolution in (25) may be performed efficiently using Fast Fourier Transform (FFT) techniques. Once again the FFT of G(r, τ ) need only be computed once, so that it is only necessary to successively construct the FFT of u p (r) for p = 0, 1, 2, . . .. We then have that
where F denotes the FFT. Hence, under the assumption that release times occur on some regular temporal lattice the model does not have to be evolved as a discontinuous partial differential equation with a self-consistent search for the times of threshold crossings that define release events. From experimental data it is apparent that the refractory time-scale is typically 50 times that of the release duration so we assume R = 50 in our simulations if it is not specified. Typically τ is approximately 10 − 100ms.
Most of the theoretical work on calcium signalling has focused on deterministic models of intracellular Ca 2+ waves. Only relatively recently has the stochastic nature of intracellular Ca 2+ release been considered (Keizer and Smith, 1998; Falcke et al., 2000; Falcke, 2003; Shuai and Jung, 2002a,b) . Here we describe a stochastic generalisation of the FDF threshold model which uses a probabilistic rather than a deterministic update rule. The analysis of the spark model (section 2) showed the probability of a spark in a time period τ is a sigmoidal shape with intracellular Ca 2+ (see Figure 4B ). Taking this as a generic model for a CaRU suggests that a natural way to determine the probability of a release event (i.e. the probability that a n (p) = 1) is to generalise (18) and write
where P f is given by (11). For convenience we write
where the threshold concentration u c is given by P f (u c ) = 1/2. For simplicity we approximate Ψ with a one-parameter family of sigmoids
such that the probability of release is zero when u = 0 and tends to one as u → ∞. In summary, the stochastic FDF model is defined by the equation (22) with the a n (p) ∈ {0, 1} treated as random variables such that P (a = 1) is given by (26). Note, that in the limit β → ∞, this function approaches a step function so that P f (u) = Θ(u−u c ) and we recover our original deterministic model. Thus we interpret β as a parameter giving an indirect measure of the cluster size and thus the level of noise. In the stochastic FDF framework the refractory time-scale can also be thought of as being drawn from some distribution, since release events are no longer bound by the constraint that they be separated by at least τ R .
Rhythms and waves
The best way to illustrate the sort of behaviours that can be generated by the computationally inexpensive stochastic FDF model is by a space-time density plot for calcium concentration. In real cells release sites are never quite arranged on a perfectly regular lattice. In our simulations we give examples of both regular and disordered distributions of release sites (assuming free boundary conditions so that wave propagation in the system is restricted only by cell size). First of all, we present simulation results on a regular lattice of release sites in one dimension, with lattice spacing d, without receptor noise. In Figure 7 we show a solitary lurching pulse arising from an initially activated release site in the middle of the cell. This nicely illustrates that a discrete set of release sites leads to a wave that propagates with a non-constant profile, but with a well defined speed.
- 50 50 Next we illustrate the sort of behaviours that can be generated in the presence of receptor noise. In Figure 11 we plot the corresponding behaviour to Figure 7 in the presence of a finite amount of noise. Initial release from the central site leads to a local elevation of Ca 2+ which initiates a propagating Ca 2+ wave via activation of nearby sites, as in the deterministic case. However, the stochastic nature of the wave is evident from the fact that it does not propagate symmetrically away from the initial event. Although rather well defined to start with the leftward propagating wave terminates at around 1.4 s. This type of behaviour is observed in experimental linescan images of Ca 2+ waves ( Figure 1C ).
Activity in the wake of the primary stochastic wave can also be sufficient to prime release sites for subsequent spark production, seen at around 1.6 s and again at around 3.2 s. In Figure 12 we show the effects of receptor noise in a two-dimensional cell with a regular square array of release sites.
The sequence of snap shots shows nucleation of a circular front, subsequent propagation and the emergence of noisy spiral waves. These waves can be annihilated in collisions with other waves and created by spontaneous nucleation. The long time behaviour of the system is dominated by the interaction of irregular target and spiral waves. This is typical of dynamics in noisy spatially extended excitable systems (Jung and Mayer-Kress, 1995b,a) . Since noise sustained target waves may collide with each other this typically limits their growth to a finite region, whose size is expected to decrease with increasing noise. For increasing noise it is possible that the breakup of spirals and increased spontaneous nucleation of other spirals may destroy any coherent motion. In common with more biophysically detailed, yet computationally intensive models, stochastic calcium release leads to the spontaneous production of calcium sparks that may merge to form saltatory waves. Moreover, sufficiently large noise is able to terminate a wave prematurely suggesting that for some critical noise level there is a non-equilibrium phase transition between propagating and abortive waves. A statistical analysis shows that the model exhibits properties consistent with behaviour of other models from the universality class of directed percolation (see (Coombes and Timofeeva, 2003) for further discussion). However, it is also possible to see coherent motion for high levels of noise. In fact coherence can actually be enhanced in regions of high noise and it is possible to observe synchronised global release events. This type of behaviour has recently been termed array enhanced coherence resonance (AECR) and is typical of the way in which noise can lead to structured activity in spatially extended excitable systems (Hempel et al., 1999; Hu and Zhou, 2000; Zhou et al., 2001) . In Figure 13 we show an example of this type of phenomenon in the stochastic FDF model, for a regular square array of release sites.
Here an initial disturbance leads to the propagation of a circular target wave. In the wake of the wave there is then subsequent release from a set of neighbouring sites. After this one sees near simultaneous release from a large number of sites. This process of simultaneous release repeats and at every stage recruits more and more stores. After only a few cycles of this process one sees an almost simultaneous release from all sites. The frequency of the AECR oscillation increases monotonically with the noise level β −1 (above a cut-off below which AECR fails). We emphasize that the coherent motion illustrated in Figure 13 is induced purely by noise without an external periodic signal. In this example a removal of all noise would lead to a deterministic system which could not support travelling waves.
For further discussion of AECR in the stochastic FDF model see (Coombes and Timofeeva, 2003) . The role of noise induced coherence in cell signalling is an important and growing area of study, as exemplified by the recent work of Shuai and Jung (2003) . These authors have used a stochastic model of an IP 3 receptor to explore the role of channel clustering in generating AECR. One novel prediction of this work is that real cells may exploit an optimal channel clustering strategy to enhance the cellular response to weak stimulation.
Discussion
In this paper we have presented an integrative multi-scale framework to study the stochas- 
